In this paper, we consider a discrete-time risk process allowing for delay in claim settlement, which introduces a certain type of dependence in the process. From martingale theory, an expression for the ultimate ruin probability is obtained, and Lundberg-type inequalities are derived. The impact of delay in claim settlement is then investigated. To this end, a convex order comparison of the aggregate claim amounts is performed with the corresponding non-delayed risk model, and numerical simulations are carried out with Belgian market data.
Introduction
In classical risk theory, the stochastic process describing the aggregate claim amounts filed against the insurance company is assumed to have independent increments. In a variety of situations this independence assumption appears rather unrealistic. This is for instance the case when considering delay in claim reporting or settlement. The financial result of a given calendar year then depends on the result of one or several preceding years.
In the literature, some risk models allowing for delay in claim settlement have been discussed. Waters and Papatriandafylou (1985) considered a discrete-time risk model with possible delay in claim settlements and derived upper bounds on the ultimate ruin probability. Boogaert and Haezendonck (1989) studied the mathematical properties of the liability process with settlement delay within the framework of an economical environment. Klüppelberg and Mikosch (1995) proposed to describe delayed claims in terms of Poisson shot noise processes. Ruin estimates for this model have been studied by Brémaud (2000) , who used large deviations theory to give Cramér-Lundberg type approximations for the ultimate ruin probability, see also Macci and Torrisi (2004) and Macci et al. (2005) . More generally, Ganesh and Torrisi (2006) considered shot-noise Cox processes and obtained ruin probability estimates for heavy-tailed claims.
A risk process combining delay in claim settlement and reserve-dependent premium rate can be found in Ganesh et al. (2007) , where asymptotic estimates of the ultimate ruin probability as well as a most likely path leading to ruin are derived. Yuen et al. (2005) consider a compound Poisson risk model in which each claim induces an additional delayed claim (called by-claim).
In this paper, we study ruin problems in the presence of delay in claim settlement with a discrete-time risk model. Our approach is quite different from the one in Waters and Papatriandafylou (1985) . In Waters and Papatriandafylou (1985) , the claims development referring to a calendar year operates in a stochastic way, while the ruin event occurs when the reserves for IBNR (incurred but not reported) claims that the insurer needs exceed the amount of available cash. Here, on the other hand, we use a setting that incorporates the Chain-Ladder development factors, widely used in practice to account for IBNR claims. In particular, we assume that the payment of each annual claim is spread over several years according to the development factors (where the spread is applied in a deterministic fashion). This leads to a moving average model for the annual claims that describes in a certain way the dependence of annual claims caused through delayed claims and that allows for a transparent comparison of ruin probabilities with and without IBNR dynamics.
Besides the actuarial setting adopted in this paper, the model used here has a number of other potential applications to non-insurance situations. For instance, it may describe a warranty management process where some of the items sold may become defective and must be repaired at producer's cost. The producer may then set a yearly provision intended to cover the cost of future repairs to items sold during that year (the insurance premium). Some of these items become defective during the year they are sold, one year afterwards, two years afterwards, and so on until the end of the warranty period, causing random costs (the insurance claims). If in addition to the yearly provisions there is also some additional reserve for the future repairing costs, the analogue of the ruin event in this context is then the situation that the money reserved for repairing is not sufficient at some point in time.
In a medical context, the number of individuals affected by a disease may be diagnosed in the year of its occurrence, one year afterwards, two years afterwards etc. A health provider may then set provisions in order to cover the future treatment costs and again the above model may be appropriate to study whether the provisions are sufficient. More generally, the model may be applicable whenever there are random events (or shocks) that have quantitative (e.g. monetary) adverse effects on several of the subsequent time units and these random events are counterbalanced by deterministic quantitative protection cushions.
The paper is organized as follows. In Section 2, we describe the risk model used in this paper for the insurer's surplus. In Section 3, we use the martingale method to obtain an explicit expression for the ultimate ruin probability for light-tailed claims. A generalization to the case of a surplus dynamics with a constant interest rate is illustrated in the appendix. Subsequently Lundberg-type inequalities are derived. In Section 4, asymptotic estimates for ultimate ruin probabilities are determined in terms of the Lundberg coefficient, and an insensitivity property of our model is highlighted. This property is also proved for the heavy-tailed case. Finally, in Section 5, the impact of this kind of IBNR dynamics on ruin probability is investigated both for the light-tailed and heavy-tailed claim case. A comparison is made with the associated non-delayed risk model. We establish, for instance, a convex order relation between the IBNR aggregate claims process and the non-delayed aggregate claims process. Numerical illustrations are then performed with Belgian market data.
The Model
Let n be the number of years needed to settle all the claims related to a given accident year. Let X i be the amount paid in calendar year i for the claims occurring in the same year. The X i s are assumed to be independent with common distribution function F X , and we denote as X a generic random variable with distribution function F X . The annual claim amount of the company is assumed to be given by
where the λ i s are called development factors and are larger than 1. In practice, these factors are associated to the Chain-Ladder method for loss reserving. So, for our model, the surplus of the insurance company at time k obeys the dynamics
2) with Y i described by (2.1), where u is the initial amount of capital and c is the annual premium income.
Remark 1:
Notice that Y i can alternatively be written as
where S i is the ultimate cost for the claims originated in year i and β j is the proportion of S i paid after j years. Some practitioners prefer the representation (2.3) rather than (2.1).
Assuming that the S i s are independent and identically distributed like S, the equivalence between (2.1) and (2.3) results from
Remark 2: All the results obtained in this paper can be extended without difficulty to the case of link factors depending on accident years, keeping the X i s independent and identically distributed and imposing the same distribution function for the ultimate costs relating to each accident year, i.e. 
(2.5)
3 Ultimate ruin probability for light-tailed claims 3.1 Expression for the ultimate ruin probability
Let us denote the ultimate ruin probability as
We are now in a position to establish the following result. Its proof is inspired by Gerber (1982) .
In the following, for a random variable Z, we will denote by µ Z and σ 2 Z its mean and variance, respectively. Furthermore, its distribution function will be denoted by F Z = 1−F Z . Then we have
Proof. Let Φ k be the sigma-algebra generated by {X i , i = 1, 2, . . . , k}. We then have
Hence,
by assumption.
This shows that the stochastic process {e
Let m be a positive integer. By the Optional Stopping Theorem (considering the stopping time T ∧ m = min{T, m}), we get
which completes the proof.
This result can easily be generalized to the case of a constant compound interest rate i ≥ 0, as is shown in the appendix. 
Lundberg-type inequalities for the ultimate ruin probability
Lundberg-type inequalities can be derived from Theorem 3.1. Note that fromÛ T < 0 we have E[e 
where we recognize (3.7) for θ > n−2.
Note that for θ ≤ n − 2, we have from (3.7) and (3.9)
). (3.10)
But sinceū ≤û and γ ≤ µ X , we always have e
. Clearly, the upper bound e
Based on a recursive formula for finite-time ruin probabilities, one can derive another Lundberg-type bound for ψ(u, x 0 , . . . , x −n+2 ). Denote by ψ k (u, x 0 , . . . , x −n+2 ) the ruin probability up to time k. Clearly, for k = 1, 2, . . . , we have
Hence, we have the next upper bound.
where
Proof. For any x ≥ 0, we havē
Then,
. Now, let us assume that
.
Furthermore,
Consequently, by (3.11), we have
By (3.12) we then get
Letting k → ∞, we obtain (3.13).
Obviously, for n = 2, the assumption (3.12) is always fulfilled. For larger n, let us rewrite equation (3.12) as
It then becomes clear that for any distribution of X, condition (3.12) is fulfilled for at least small past claim amounts x 1−n+2 , x 1−n+3 , . . . , x 0 (for instance trivially for
The new bound (3.13) can be more precise than (3.7). For example, if X ∼ Exp(τ ), then
So, for instance, with n = 2, (3.7) becomes
which for some values of parameters τ , η (and hence ρ), d 1 and x 0 , is smaller than (3.17).
4 Asymptotic behavior for the ultimate ruin probability
The light-tailed case
The following result makes clear that the exponential decay rate of the numerator in (3.4) provides the significant asymptotic behavior in u of ψ(u, x 0 , . . . , x −n+2 ). 
Given that ruin occurs, one can also look at the path leading to ruin. Using large deviations results of Glynn and Whitt (1994), we can see that for large u, ruin occurs roughly at time u/κ (
ρ d
) . Furthermore, the cumulant generating function of
Consequently, given that ruin occurs, on an asymptotic level the claim size distribution X is exponentially tilted by the (time-dependent) factor
This suggests that a sample path leading to ruin asymptotically locally (at time k) has a drift δ(k) given by
Notice that the drift can be interpreted as constant during the time period (1, u/κ (
) − n + 1) and increasing at the end, i.e. during the time period ( u/κ (
However, since u → ∞, this last time period is negligible compared to the first one.
Define the surplus processŨ
which forũ =û corresponds to the associated non-delayed classical version of (2.2). Denote by ψ(ũ) the corresponding ultimate ruin probability. Clearly, the Lundberg coefficientρ of this associated non-delayed process is equal to . Then, invoking Nyrhinen (1998),
(4.7)
The heavy-tailed case
Let us now consider subexponential claim distributions of regularly varying type. By definition, a d.f. F on R + belongs to the class R of regularly varying distributions (F ∈ R(−δ)) if there exists some constant 0 ≤ δ < ∞ and a positive slowly varying function L(x) such that
(4.8)
To show (4.9), we adapt the proof of Proposition 3.1 in Ganesh and Torrisi (2006) 
holds. Consequently, we can write
by (4.10). Since F X ∈ R(−δ − 1) (and hence F Z ∈ R(−δ − 1)), it follows from Karamata's Theorem (see Embrechts et al. (1997) ) that B 0 ∈ R(−δ), which implies that
This implies that
Consequently, we get
by (4.10) and B 0 ∈ R(−δ). So, as in the light-tailed claims case, the ruin probability is asymptotically insensitive to the way to settle the claims.
5 Impact of IBNR dynamics on ultimate ruin probability Inequality (4.11) may indicate that the IBNR dynamics decrease the risk for the insurer, as the occurred claims are paid out more evenly over time. But a "fairer" comparison in terms of the invoked initial capital is in order.
Let us return to the equivalent representation (2.3) for the annual claim amount and let Y (n) i denote the annual claim amount for year i and β (n) j the proportion of S i paid after j years (given that the number of years needed to settle the claims equals n). So, if we define ψ
, we want to know whether the inequality
holds true for all u ≥ 0.
Before going on, let us briefly recall some notions on ordering (for more details, see e.g. 
1,k , γ
2,k , . . . , γ
k,k ) and χ = (γ 
This result seems to be in favor of (5.1). However, notice that in discrete-time risk models, there does not exist any result showing that the classification in the convex order sense of the aggregate claims processes implies the classification of the ruin probabilities. The reader interested in the methods to determine the β j is referred to Kaas et al. (2008) .
Let us assume that E[S] = 10. Based on 1 000 000 simulations of the claims amounts As expected, the inequality (5.1) is satisfied in these examples since we always have ψ (MTPL) (u) ≤ ψ(u) and ψ (PL) (u) ≤ ψ(u). However, in the heavy-tailed case the gap is less pronounced. This is in accordance with the intuition that for heavy tails ruin is the consequence of one big jump, so that the smoothing effect of the annual claim amounts induced by the IBNR dynamics is not as strong as in the light-tailed case.
Conclusion
In this paper, we have studied a discrete time risk process describing the surplus of an insurance company at the end of each calendar year. Our analysis explicitly allows for a certain delay in claim settlement, a situation commonly encountered in practice. After having derived Lundberg-type inequalities for the ultimate ruin probability, the asymptotic behavior of this probability has been studied, separately for the light-tailed case and for the heavy-tailed case. We have also compared the situations with and without delay in claim settlement, giving some quantitative results as well as numerical illustrations to what extent the insurance company can benefit from the delay in claim settlement in terms of ruin probabilities when the link factors are given. As outlined in the introduction, the analysis of this paper also has potential applications in other businesses and growth models, including the determination of health care provisions and general warranty management processes.
